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Traveling Fronts to Reaction Diffusion
Equations with Fractional Laplacians

Tingting Huan, Ph.D.

University of Connecticut, 2014

ABSTRACT

We consider the traveling fronts of the reaction diffusion equation:

u+ (—A)°u = f(u), inRxR,

for f € C'(R). Namely, the solution to the following equation:

(—A)u(x) + cu/(x) = f(u(x)), VreR
(0.0.1)

lim wu(z)=0, lim wu(x)=1
T—>—00 Tr—00

where ¢ is the speed of propagation of the front and the operator (—A)® denotes
the fractional power of the Laplacian in one dimension with 0 < s < 1. Recall the

fractional Laplacian is defined as follows:

5, (N u(z) — uly)
(=A)u(z) = Cl,s(P-V)/Rmdy,
2255T'((1 + 2s)/2)
/20 (1 — )
We show the nonexistence of traveling fronts in the combustion model with frac-

where (P.V.) stands for Cauchy principal value and C ; =



i

tional Laplacian (—A)® when s € (0,1/2]. Our method can be used to give a direct
and simple proof of the nonexistence of traveling fronts for the usual Fisher-KPP non-
linearity. Also we prove the existence and nonexistence of traveling waves solutions
for different ranges of the fractional power s for the generalized Fisher-KPP type
model. When considering the Allen-Cahn type nonlinearity, we show the approach

of the solution to the traveling front for a large range of initial value problems.
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Chapter 1

Introduction

1.1 Reaction Diffusion Equations

Reaction diffusion equations are considered in many areas of natural science and engi-
neering. The classical application is to the population genetics which is formulated by
R.A. Fisher in 1937. In his application, a population of diploid individuals distributed
on a planar habitat is considered. Suppose the gene at a specific locus in a specific
chromosome pair occurs in two allele forms denoted by a and A. The population is
thus divided into three classes: homo-zygotes which have genotypes aa and AA, and
hetero-zygotes which have genotype aA. Then the relative density of the allele A

u(z,t) at the point x of the habitat at time ¢ will be close to the solution of

% — Au= f(u), in (0, +00) x R" (1.1.1)



with

fuw) =u(l —u){(n — 1) — (1 — 27 + 73)u}.

where 7, 75 and 73 are death rates for AA, aA and aa respectively.

In combustion theory, some flame propagation problems also lead to the form

(1.1.1) where f € C'[0,1], f(0) = f(1) =0 and
fu)=f(1)=0, YVu € [0,6], f(u) >0, Yue (0,1), f'(1) <O.

where 6 > 0 is the ignition temperature.
More generally, we will consider f € C'([0,1]), f(0) = f(1) = 0 and we will

consider the reaction diffusion equation:
ug+ Lu = f(u) in (0,00) x R (1.1.2)

where L is the infinitesimal generator of Levy processes. According to the Levy-

Kintchine formula, they have the general form

Lu(z) = trA(x) - D*u+ b(x) - Vu + c(z)u + d(z) +

[ (a4 9) = ule) =y Vule) 1, (0)dea(v

where A(z) is a nonegative matrix for all z, and ¢, is a nonnegative measure for

all x satisfying

min(y?, 1)de,(y) < +oo.
RTL



The above definition is very general. The simplest of all is the fractional Lapla-
cian. The fractional Laplacian (—A)? is a classical operator which gives the standard

Laplacian when s = 1.

1.2 Fractional Laplacians

One way to define the fractional Laplacian is to consider the fractional Laplacian as
a pseudo-differential operator.

We will assume the Fourier transform be: For any f € L'(R™), then

flx) = fy)e ™Y dy,  for all y € R.
RTL

Recall that if f € S(R"), then —Af € S(R"), (—A)f € S(R"), and

(CA)F(2) = (2n|z)?f(z), for all z € R™.
By induction, for any k£ € N, we can get

(CAFf(x) = 2nla))?f(z), for all z € R™.

For any s € R, the pseudo-differential operator (—A)* is formally defined as: For
any f € S(R"), we have

—

(=A)sf(z) = 2r|z))*f(z), forall z € R™ (1.2.1)

This formula is simple to understand and it is useful for problems in the whole



space. On the other hand, it is hard to obtain local estimates from it.

Fractional Laplacian can also be defined as the generator of a—stable Levy process.
More precisely, if X, is the isotropic a—stable Levy process starting at zero and f is
a smooth function, then

(~A)fw) = lim - BIf() — flz + X

h—0

One can also think of (—A)® as a singular integral given by the following theorem.

Theorem 1.2.1. Let 0 < s < 1, and f € S(R™), then we have

(=A)°f(z) = C(n,s)-P.V. o) = 1) dy < oo, forallz e R". (1.2.2)

T e U
SQQSF n+2s
Where C(n, s) = #
mz2['(1 — s)

The above formula is most useful to study the local proper ties of equations in-
volving the fractional Laplacian. It will be the definition we will use in later chapters.
Now we would like to derive an equivalent expression of the fractional Laplacian based

on the singular integral definition. We apply the formula in (1.2.2), we can get

(=AY f(z) = C(n,s) P.V. Mdy

Rn |7 —y[mtE

_ . f(x) = f(y)
N C(n7 8) ' 6\‘01’11}%]/‘00 /6<y—x|<R ’I - y’n—l—Qs !
flz) = flz+2)

= C(n,s)- _lim / dz Let z=y—=x
eNO, R oo e<|z|<R ’Z‘n+2s

= Clns) PV [ ($)|;|f+(fs+y> dy (1.2.3)

< oo, forallzeR".




Besides, we can get

~87f) = Clus)-pv. [ HEET
= C(n,s)- _lim / Md

2
eNO, R oo e<|y—z|<R |:U_ |n+ ®

= C(n,s)- _lim J(x) = 7{:(2:2_ ?) dz Letz=x—y
N0, R0 Jo1.|<R 2]

f) ~ fa =)

= C(n,s)-P.V.
( ) |y|n+25

(1.2.4)

RTL
< oo, forall ze R".

Therefore, we have

(-ayf@) = ~=5epv. [ nf<x+y>+|fy‘|<f+2—sy>—2f<w> ;

fla+y) + fle—y) - 2f(x) dy. (1.2.5)

’y‘n+2s

= D(n,s)-P.V.
R”

Where

Cln,s) _ 2277 (%5%)
2 mD(1—s)

D(n,s) = —

This particular expression shows that the fractional Laplacian enjoys the following
monotonicity property: if u has a global maximum at z, then (—A)%u(x) > 0, with
equality only if u is constant. From this monotonicity, a comparison principle can be

derived for equations involving the fractional Laplacian.



1.3 Traveling wave solutions to reaction diffusion
equations

A traveling wave solution is a solution of the reaction diffusion equation which is

defined as u € C*(R?) such that
u(x,t) = ¢(x + ct), V(z,t) € RY.

where ¢ is the speed of the traveling wave solution. ¢ is called the profile function.
When the traveling wave solution is monotone and bounded, we call it a traveling
front.

Traveling waves arise in many applied problems, see for example [15], [22], [4], [3],
[16], [6], [7], [19] and references therein. In [28], for instance, traveling wave solutions
are used to describe the propagation of impulse in nerve fibers. Various different
kinds of waves can often be observed in chemical reactions, see for example, [27].

Define the traveling wave coordinates: z = x + ct. For the classical reaction

diffusion equation with Laplacian
u+ (—A)u = f(u), in R xR,

for f € C*(R). By substitution, the profile of the traveling fronts to the above

equation will satisfy

—¢"(2) +c¢/(z) = f(¢), VzeR
¢'(z) >0, VzeR (1.3.1)

lim ¢(z) =0, li_>m o(z)=1

Z—r—00



Similarly, for the reaction diffusion equation (1.1.2) where L = (—A)*, we know

that the profile of the traveling front will satisfy the following PDE:

(~AY6(z) +cd(:) = f(4()), Vz€R
lim ¢(z) =0, zlggo o(z) =1

Z—r—00

(1.3.2)

Notice that traveling fronts are translation invariant. So as for the uniqueness, we
will always consider the uniqueness up to translation.
As for the reaction nonlinearity f, there are three cases which are of particular

interests in this thesis:

e Fisher-KPP Model:

F0)=f(1) =0, f(u) >0, Yue (0,1), f(0) >0, f(1)<0.  (1.3.3)

e Combustive Model:

fu)=f(1)=0, Yue0,0] f(u) >0, Vue (0,1), f'(1)<0. (1.3.4)

e Bistable Model:

f(0)=f(1)=0, f(0) <0, f'(1) <0. (1.3.5)

When A = —A, the classical Laplacian case, it is well-known that there exists
a traveling front u for any speed c¢ larger than or equal to some minimum speed
¢o in the Fisher-KPP equation. And it has been shown that the front propagation

speed could be very fast depending on initial values. Fisher-KPP equation with a



fractional Laplacian displays a very different behavior, due to the super diffusion
process involved. It was discovered numerically in [13], [14], [24], [25] that the front
propagation can accelerate exponentially in time. Also it has been rigorously studied
and proved in [12] and [8]. Since a traveling front propagates linearly in ¢, it is an
immediate consequence that there is no traveling fronts.

In the bistable equation, it was shown that both in the Laplacian case and the
fractional Laplacian case, there will exists a unique pair (u,c) to (1.1.2) for all 0 <
s < 1. In the fractional Laplacian case, Gui and Zhao [20] applied the method of
continuity to get the uniform bound of the speed in terms of potential. And their
result indicate that there

In the combustion equation with the laplacian, it is known that there exists a
unique pair (u,c). As for the equation with the fractional Laplacian it has recently

been discovered in [26] that when % < s < 1, there exists a unique pair (u, c¢).

1.4 Previous results of the existence of traveling
wave solutions

In Chapter 2, we study the existence of the traveling wave solutions of the reaction
diffusion equations with fractional Laplacians in the combustion and the generalized
Fisher-KPP models.

To provide the setting for our result, in this section we recall important results
on some closely related questions. For comparison purpose, for each type of the
three nonlinear reaction term, we give the existence of traveling wave solutions to
the equations with the Laplacian and the existence results to the equations when

Laplacian is replaced by the fractional Laplacian with a brief review of the method



involved.
The traveling wave solution to the classical reaction diffusion equation with Lapla-

cian is referred to the following:

—¢"(2) +cd(2) = f(9), VzeR
#(z) >0, VzeR (1.4.1)
lim ¢(z)=0, lim ¢(z)=1

Z——00 Z—00

While the traveling wave solution to the reaction diffusion equation with the

fractional Laplacian is given by

(=8)'¢(2) +c¢/(2) = f(¢(2)), VzeR

(1.4.2)
A, #e) =0 i ol =1
When A = —A, the classical Laplacian case, it is well-known that there exists

a traveling front u for any speed ¢ larger than or equal to some minimum speed
¢o in the Fisher-KPP equation. And it has been shown that the front propagation
speed could be very fast depending on initial values. Fisher-KPP equation with a
fractional Laplacian displays a very different behavior, due to the super diffusion
process involved. It was discovered numerically in [?], [?] that the front propagation
can accelerate exponentially in time. Since a traveling front propagates linearly in ¢,
it is an immediate consequence that there is no traveling fronts.

For the bistable model, sometimes known as the Allen-Cahn equation, there ex-
ists a unique traveling wave solution. An interesting observation is the relationship
between the double well potential and the speed of the traveling wave solution. When

the bistable nonlinearity is balanced, i.e., the associated double well potential has two



10

wells with equal depths, a traveling wave solution with one spatial variable for the
classical Allen-Cahn equation is indeed a standing wave or a layer solution, i.e., the
speed ¢ must be zero. If the Laplacian is replaced by the fractional Laplacian (—A)?,
it is shown in [10] for s = 1/2 and [8], [9] for s € (0, 1) that a standing wave solution
exists.

For the unbalanced equation, it was shown that both in the Laplacian case and
the fractional Laplacian case, there will exists a unique pair (u,c) to (1.4.2) for all
0 < s < 1. In the fractioanl Laplacian case, Gui and Zhao [20] applied the method
of continuity to get the uniform bound of the speed in terms of potential.

In the combustion equation with the Laplacian, it is known that there exists a
unique pair (u,c). As for the equation with the fractional Laplacian it has recently
been discovered in [26] that when 3 < s < 1, there exists a unique pair (u, c).

J. Roquejoffre, A. Mellet and Y. Sire [26] studied the combustion model. They
have shown that when s € (1/2,1) and f satisfies (1.3.4), there exists unique (c, u)

with ¢ > 0 to (1.4.2).



Chapter 2

Traveling fronts to the reaction
diffusion equations

2.1 Combustion and Fisher-KPP models

By a compactness argument, we know that if (1.4.2) has a solution u(z) then

lim «(z)=0 and f(0)=f(1)=0 (2.1.1)

|z|—o00

Multiply «'(x) on both sides in (1.4.2) and integrate over R, we can get the

Hamiltonian identity as in [20]:

C/R W/ (2))? do = /Olf(u) du (2.1.2)

The nonlinear reaction term we consider here is the following.

11
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There exists some 6 € (0,1) such that f € C*(R) satisfies
1
/ fu)du>0, and  f'(u) >0, Yue (0,0 (2.1.3)
0

In this section, we assume 0 < s < 1/2 and f € C*(R) satisfies condition (2.1.9).
Assume that (c,u) is a solution to (1.4.2). By (2.1.2) and (2.1.9), we have ¢ > 0.

Let @ be the s-harmonic extension of u on R2, that is,

u(z,y) = Pyxu(x), V(z,y) € R:. (2.1.4)
with
2 [ (1£2s
P,(x) = LHQS, V(z,y) €ERZ and a, = E 2 ) (2.1.5)
7 + 07 AT

Let v(z,y) = Uy(x,y) = P, * u/(x) for all (z,y) € R, L. Caffarelli and L.

Silvestre[11] proved that v satisfies

divly'"*Vou(z,y)] =0, V(z,y) € R,
lim —d,y' *v,(z,y) = (=A)*W/(z), Yz €R,
y\O
v(z,0) =u'(x), VzeR.
21727(1 — )

['(s)

By the standard maximal principle arguments, it is easy to see that «'(x) > 0 for

where d, =

all z € R and lim u/(x) =0 (see, e.g., [26] and [20] ). Then we know that

|z| =00

v(z,y) >0, Y(z,y) € RZ, and lim v(z,y) =0.

|(z,y)|—o0
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By (1.4.2), without loss of generality, we can assume u(—1) = . Since u'(z) > 0
for all z € R, we have f'(u(z)) > 0 for all z < —1. In summary, we know that v

satisfies

divy'"*Vou(z,y)] =0, V(z,y) € R2,
fim —dg' 2, (1,) + cva(e,0) = Fu(@Nl() 20, Ve <1, (215)
Yy

v(z,y) >0, Y(r,y) €RZ  and lim  o(z,y) =0.

\ |(z,y)| =00

Define the auxiliary function

2s
Y sdg 1
T,Y) = ———— = + e V< -1, y > 0.
(,0( y) [.1'2 y2] 1+22 c [I2 yQ]% Y

Direct computations tell us that for all x < —1 and all y > 0, we have

sdy 1 < olay) < (1+sds> 1
: > ey = :
c ) |(zy)l

2 st 1-2s
div [y Veley)] = == L >0,
¢ [P+
2 2 2 ds 2—2s 2 ds

lim —dyy' *p,(r,y) = dslim Y Sf i id | = — 81 o
y™\0 yNO | [22 + 22t ¢ [22+9y?%2 || 1+2s

sdy, 1

Ple0) = o

Since 0 < s < %, we have # < I:EII% for all x < —1. Hence for all x < —1, we



14

have

2sd sd
lim —d, g2 N = 07 4 7S
yl{‘% Yy ‘Py(xay) + cpu(,0) || 1+2s T | |2
QSdS Sds
Tl e
B sd,
- _|x|1+25

< 0.

For any 6 > 0, let ws(z,y) = v(x,y) — dp(z,y) for all z < —1 and all y > 0, then

wg satisfies

div[y' " *Vws(z,y)] <0, Vo< -1, y>0,

:11/1{‘% _d8y1_2sDyw§(x7y) + Cwag(l', 0) Z 07 V‘IL‘ S _1a (217)

lim  ws(x,y) = 0.

( |(zy)|—=00
Lemma 2.1.1. There exists some &y > 0 such that ws,(—1,y) > 0 for all y > 0.

Proof. First we see that

2s
Y sds . 1
. o(—1,y) . [1+y2] E ¢ [14y?]2 sd
lim oF = lim = =1+ < 00
y—oo YT ___ y—00 N — C
1+2s 1+2s
[1+y2] 2 [1+y2] 72

Since u/(z) > 0 for all x € R, then u(0) > u(—1), which implies that there exists

some constant B; > 0 such that

au(0) — u(—1)] - y—L > Bip(—1,y), Vy>1. (2.1.8)
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Since v(z,y) = P, * u/(x) for all (z,y) € R%, by (2.1.5), for all y > 1 we have

vmby) = /R[( W () de

-1 — I>2 + y2]T

2s 0

L+ I

v

— aufu(0) ~ u(-1)]-

> Bip(—1,y).

On the other hand, since v(z,y) > 0 for all (z,y) € R2, so there exists some
By > 0 such that

inf v(—1,y) > By su —-1,y).
onf v(-1,9) > B Sup, (—Ly)

Let 6o = min{ By, By} > 0, we know that

wsy(—1,y) =0, Vy=>0.

Lemma 2.1.2. For the above 0y in Lemma 2.1.1, there holds that
wsy(z,y) >0, Vo< -1, y>0.

Proof. Assume ws, (o, yo) < 0 for some zy < —1 and some yo > 0. Since ws,(z,y) —
0, as |(z,y)| — oo, by Lemma 2.1.1, we know that there exists some z; < —1 and

some y; > 0 such that

Ws, (.131, yl) = $<_i{1fy>0 We, (177 y) <0.
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By the strong maximum principle for uniformly elliptic equations, we know that

y1 = 0. Applying Hopf lemma as in [8], we have

o —dsy' > Dyws, (21, y) < 0.

Since x7 is an interior minimum of wg,(z,0) in x < —1, then we have
D ws,(21,0) =0
. By (2.1.7), we get

ii{% —dsy' ¥ Dyws, (21,y) = il{(l(l] —dsy' ~** Dyws, (w1,y) + cDyws, (x1,0) > 0.

We get a contradiction. Therefore

ws, (x,y) >0, Ve< -1, y>0.

Now we provide the first theorem regarding to the existence of the traveling front

of (1.4.2).

Theorem 2.1.3. Suppose that there exists some 6 € (0,1) such that f € C'(R)

satisfies

/1 f(u) du >0, and f'(w) >0, Yue(0,0]. (2.1.9)
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Then there is no solution to (1.4.2) if 0 < s < 1.

This theorem applies to the combustion model. For the Fisher-KPP model, i.e,

f € CY(R) satisfies
f(u) >0=f(0)= f(1), Yue(0,1), 1(0) >0, and  f'(1) < 0(2.1.10)

Theorem 2.1.3 implies that if 0 < s < 1/2, (1.4.2) has no solution.

Proof. Assume (c,u) is a solution to (1.4.2). By Lemma 2.1.5, we know that

ws, (x,0) >0, Vo< -1

ds 1
Since (z,0) > 59 ﬂ for all x < —1, we know that
c |z
dosds 1
W) > 228 v <
c |z

On the other hand, we know that / u'(z) de = 1. This is a contradiction which
R

implies that there is no solution to (1.4.2).
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2.2 Generalized Fisher-KPP model

In this section, we assume there exists some # € (0,1), 0 < p < 0o, A; > 0 and

Ay > 0 such that

flu)>0=f(0)=f(1), Vue(01),
AP < fu) < Asu?,  Yu € [0,6], (2.2.1)
f(u) > AP Vu € (0,0).

One example for (2.2.1) is the following:

flw)=uP(1 —u), YuéeR,

where p > 0 is the reaction power.

Our goal is to find the critical exponent s = s(p) such that a solution of (1.4.2)
exists if and only if 1 > s > s(p). In this section, we provide the proof of nonexistence
of solutions for (1.4.2) when s < s(p) by studying the asymptotics of solutions related
to (1.4.2). By Theorem 2.1.3, it is readily seen that the solution to (1.4.2) does not
exist when 0 < s < 1/2. Later, we shall discuss the existence of solutions to (1.4.2)
by a similar argument as in [26].

The following lemma is important in the proof of nonexistence, and has already

been proven in [26]. For completeness, we list the proof here.

Lemma 2.2.1. Let 3 < s < 1 and u € C*R) such that lim u'(z) = 0 and

|z|—o0

lim w(x) = L* for some L™, L* € R, then we have

r—+oo

R

lim (—A)°u(y) dy = 0.
R—oo | _p



19

Proof. For any R > 0, we have

/_Z<_A)su(y) dy = {/Z /w>1 |;)|11Lg8+ w) dwdy
N /R / u(y) |_ ﬁgj w) dwdy]
— {/R/w>1 w<1w?%3+ w) dwdy
L ).

For / / |_ |116+z+w) dwdy, since % < s, by Fubini-Tonelli’s theorem
|w|>1 w

and the dominated convergence theorem, we know that

y) — u(y + w) Y+ tw)
[ e vy = = [ [ [ vy
= - —_— u(y + tw) dydtdw
| i |, [ o) an
1
w
= - — u(R + tw
/|w|21 |w|1+28/0 [ )

—u(—R + tw)] dtdw

~ / — Y (L™ = L*) dtdw =0,
|lw|>1 |w

|1+25

as R — o

R _ .
For / / u(y +w) —uly) — v (y)w dwdy, since s < 1, by Fubini-Tonelli's
|lw|<1

|w|1+2s
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theorem and the dominated convergence theorem, we know that

u(y +w) —u(y) —v'(y)w
[ T el
/ / | / / T u’(y + rtw) drdtdwdy
~rJwi<1Jo Jo
1 1 1 /R
= / T / / / u'(y + rtw) dydrdtdw
lw|<1 w] 0 Jo J-R

1 1 41
— / —— / / [/ (R + rtw) — u'(— R + rtw)] drdtdw
wi<t [0~ Jo Jo

— 0, as R — oo.

R

Therefore, we can conclude that / (—A)°u(y) dy — 0, as R — oc.
“R

Remark 2.2.2. If (c,u) is a solution to (1.4.2), since v’ € L'(R), by Lemma 2.2.1
and f(u) >0 for all u € [0,1] we know that f(u) € L*(R). In particular, if we know

that there exists some constants C > 0 and r > 0 such that

then we have r > 1 by the integrability of v'. On the other hand, by (2.2.1), we
know that f(u(z)) > A (T W) for all x < —1. Hence it necessarily holds that

— ; ptl
(r—1p>1,ie,r> .

In the following, we assume that (c¢,u) is a solution to (1.4.2) with ¢ > 0 and
u(—1) = 0. Let @ be the s-harmonic extension of u on R and v(z,y) = ,(z,y) =

P, xu/(x) for all (z,y) € R, by the same discussion as in section ??, we know that
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v satisfies
(
div[y'"*Vu(z,y)] =0, V(z,y) € R?,
lim —dgy" Py (z,y) + cvg(2,0) = f'(u(z)u/(z), Ve eR, (2.2.2)
y
v(z,y) >0, Y(x,y)eR2, and lim  v(z,y) = 0.
\ |(z,y)|—o0

For any a € [1,2s] and 3 > 0, we consider the axillary functions

(z.1) y> N 203sd, 1
[0 x? = s . [3
Pa,p\ T, Y 22 +y2]% ac (% + ]

, Ve < —1, y > 0.

By direct computations, for all x < —1 and all y > 0 we know that

23sd, 1 2sd, 1
: a S «@ xZ, S 1 + : )
e s < veate < (1 20E)
_ o 28sds (25 — 1+ a)y' =2
div [y' " Vas(z,y)] = - t— >0,
¢ [22 + ] 2
2 _25%  2Bsd, 2-25
lim _dsyl_stygoaﬁ(I?y) = ds lim Y S:f 58 ' Y at2
y\O0 y\O0 [332 + yQ] 3ts c [mQ + y2]T
B 2sd,
- |x|1+257
Also we get
23sd, 1
D,pos(x,0) = —F  ————.
4 75(1’ ) c |J}|1+O‘

Hence for all z < —1, we have

. o 2d,  2Bsd,
7}/1{‘1(1) —dyy' " Dypas(,y) + cDppap(e,0) = [ + |z [o
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For any ¢ € (0,1), let
Ws.a8(2,y) = v(2,y) = 0pap(®,y), Yr< -1, y=>0.
Then ws, 5 satisfies
( div[y' #Vwsaps(z,y)] <0, Vo< -1, y>0,

li{% —dsy' " Dyws a5, y) + cDpws 0 p(w,0) =
v (2.2.3)

)l () — Bl 4 By i < 1,

|z

lim  wsap(z,y) =0.

\ (z,y)| =00

Lemma 2.2.3. For any fivzed o € [1,2s] and § > 0, for all 6 € (0,1], if we have

203sd, 20sd,
f’(u(x))u/(x) - ’x‘1+a + ’$‘1+28 > 07 Vo < _17

then there exists some constant C' > 0 such that

C C
u'(z) > ——, and wu(x) > ,
02 Jafe 02 e

Ve < —1.

1 1
Proof. Since av > 1, we know that = < - for all y > 0. By taking the
L9227 (14922
limit of the ratio, one can get

y>s 2aBsds 1
+ .
-1 25 c 2)% 2a3sd
fm PesCLY) g bR et 208
Y—00 y—1+2$ Y—00 y—1+2s C
L2 Ly

By the same arguments as in Lemma 2.1.1 and Lemma 2.1.2, we know that there
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exists some small §g > 0 such that

Woya8(2T,y) >0, Vo <—1,y>0.

20sds 1
ps - —— for all x < —1, we have
N

Since pq (z,0) >

Lemma 2.2.4 (Initial Asymptotic Rate). There ezists some constant Cy > 0 such

that

and wu(x) > Co Vo < —1.

Co
Ul(x) > = |x’25—1’

— |$‘257

Proof. Let a = 2s and =1 in Lemma 2.2.3. Observe that

, , 20Psd, ~ 20sdy, , 20sd 20sd
f (U(ZE))U (ZE) |$|1+a + |Jf|1+28 - f (U((L’))U ((L’) |ZE|1+28 + |l’|1+25

= fllu(z)u'(z) >0, Ve<-1.
Then Lemma 2.2.3 leads to the conclusion. 0

Remark 2.2.5. Lemma 2.2.4 provides an alternative proof of Proposition 4.2 in [26].

As an immediate consequence of Lemma 2.2.4 and Remark 2.2.2, we have the
following

1 1
Theorem 2.2.6. Let 3 <s< Z%, then there is no solution to (1.4.2). In partic-
P

1
ular, for all0 <p <1 and 3 < s < 1, there is no solution to (1.4.2).
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Lemma 2.2.7 (Asymptotic Rate Lifting). Let }%pl <s<landr e (’%1,25], we

assume there exists some constant By > 0 such that

B B
W(z) > — and u(z)> —0 Vo < —1.

Tl 2

Let a € [1,2s] be such that o > p(r — 1), then there exists some constant C' > 0 such

that

Proof. By the assumption and (2.2.1), for all 8 > 0, all 6 € (0,1] and all z < —1, we

know that

, , 200sds  20sd 1, 208sds
f(u(‘r»u (I)— |.I|1+a + |l’|1+28 > Al’u(xﬂp 1u <x>_ |JI|1+O‘

p—1
2 Al BO ) BO _ 2(5ﬁ8ds
’x‘rfl ’x‘r ’x‘1+a
B AlBg B 25586&;
N |x|7’+(p—1)(7“_1) |;L‘|1+O¢
AlBg - 26/38d5
- ’m|1+o¢
A, B
Let g = 10 0, by Lemma 2.2.3, we complete the proof. ]

20sd,

Remark 2.2.8. If ’%1 <r< z%’ letting o = p(r — 1), we know that

l<ax

ril(r—l):r.

We shall show the following theorem.

Theorem 2.2.9. Letp > 1 and% < 5 < min {1, ﬁ}, then (1.4.2) has no solution.
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Proof. Assume (c,u) is a solution to (1.4.2). We have Claim I: Choose 7y = 2s and

let 741 = p(ry — 1) for all k£ > 0, then it necessarily holds that ]% > 1 > 7%1 and

there exists some constant B > 0 such that

B B
W(z) > —= and u(z) > ———, Vo < —1.
EE ol

When k£ = 0, by the assumption 2s < p%l, Lemma 2.2.4 and Remark 2.2.2,

we know that the Claim I is true. Assume the Claim I holds for £ = n, that is,

pf 7> Ty > 7%1 and there exists some constant B,, > 0 such that

B, B,
, and wu(x) > , Vo < —1.
|| ||t

u'(z) >

By Remark 2.2.8 and Lemma 2.2.7, we know that 1 < 7,11 <7, < 57 and there

exists some constant B,,; > 0 such that

B B
L and w(z) > — Vo < —1.
R

/
u (JZ) = |[L’|T”+1 -

By Remark 2.2.2; it necessarily holds that r,,; > ’%1. Hence we know that the

Claim I is true for £ = n + 1. By induction, we can conclude that Claim I holds for

all k£ > 0.

Claim II: It necessarily holds that

Y22

11 1
2s>14+ =+ +-+—, Vn>1
p P p
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Since 141 = p(ry, — 1) for all £ > 0, we know that

re =142 e >0
p

Hence we obtain

28=r9 = 1+ —

which contradicts with our assumption. Therefore if p > 1 and % < § < min {1, ﬁ},

(1.4.2) has no solution. O

Note that >1if 1 <p<2 and 5 oD < 1if 2 < p. Therefore, there is no

2(p-1)
solution to (1.4.2) for all s € (0,1) if p < 2.

Now we are going to assume that f satisfies (2.2.1), p > 2 and 5 g s <1,
we will show that a solution to (1.4.2) exists. A. Mellet, J. Roquejoffre and Y. Sire
[26] have shown the existence of traveling fronts for the non local combustion model

when % < s < 1. The proof for the generalized Fisher-KPP model follows a similar

argument to that in [26]. For any ¢ € R and b > 0, we first consider the following
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truncated problem:

u(z) =0, Vo< -b, (2.2.4)

_r
2(p—1)
a constant M such that if b > M the truncated problem 2.2.4 has a solution (uy,cp).

Proposition 2.2.10. Assume s > and f satisfies (2.2.1). Then there exists

Furthermore, the following properties hold:
1. There exists K independent of b such that —K < ¢, < K;

2. wy is non-decreasing with respect to x and satisfies 0 < uy(x) < 1 for all x €

(=b,b).

To prove this Proposition, we need the construction of sub- and super-solutions.
The construction is based on the following lemmas, same as in [26]. We would like
to present the proof of the following second lemma, and especially elaborate on the

sliding method mentioned in [26].

Lemma 2.2.11. For any ¢ € R and b > 0, (2.2.4) has a solution u., such that

0 <wucp(zr) <1 inR, ueyp is non-decreasing in R and ¢ — ey is continuous.

Proof. The proof is the same as the proof of Lemma 2.4 in [26]. O

Lemma 2.2.12. There exists some constants M, K > 0 such that for allb > M, we

have

a. If ¢ > K, then u.;,(0) < 0;
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b. If c < —K, then u.,(0) > 6.

Together with Lemma 2.2.11, Lemma 2.2.12 implies that there exists ¢, € [— K, K]

such that u.,(0) = 6.

Proof. Consider the function

1
——, V< -1
.1‘2571’ — bl
plx) =4
1, Vx> -1.

Since 2s > 1, by Lemma 2.2 in [26], we have

(—A)Yp(x) + g (x) = — b +C<23‘”+o<#), a5 > —50.

_23|x|23 |z |2 |21
Moreover, by (2.2.1), we get

Flo(2) < Aofp(@) < —22_ wreR

— |x|(25—1)p ’

Cis
Since 2 < 2s, we have (2s—1)p > 2s, which implies that for all ¢ > —23(251’— 5 +
Ay +1 b
we have
2s — 1’

(~A) () + op'(@) - o)) > — +o(ﬁ) a8 7 —o0.

— |$|25

Since 4s—1 > 2s, we know that there exists some large A > 0 which is independent
Cis Ay +1

h
2525 —1) T2 1 VeV

of ¢ such that for all ¢ >

(A)o(x) + e (z) = fo(z), w<—-A



For —A < x < —1, we know that (—A)*p(x) is bounded, but ¢'(z) =
2s —1

— % there exists some K > 0 such that for all ¢ > K, we have

(=A)'p(z) + ' (z) > E[S_lzp_l] flp(z)).

Hence for all ¢ > K, we have

(=A)'p(z) +cp'(z) > flo(x)), Vo< -1

On the other hand, by the definition of ¢(z) and (2.1.1), we know that for all
x> =1, (=A)Pp(x) >0, ¢'(r) = 0 and f(p(z)) = 0. In summary, for all ¢ > K,
we have ¢(x) is a super-solution for (2.2.4). Now fix some large M > 0 such that
o(—M) = # < 0.

Claim: For all ¢ > K and all b > M, we have u.p(z) < p(x — M) for all z € R, in
particular, u.,(0) < 6.

Let ¢(x) = p(x — M), define

Uy(x) = ¢p(z +t) — uc(x), r eR.

Let

O={t>0:V(z) =¢(x+1) —ucz) >0, r € R},

then O is nonempty since {t > 2b} C O. O is clearly closed. Take a convergent

sequence {t,} C O, t, — t as n — oo then

lim ¥, (z) = lim ¢(x +t,) — u.(z) > 0, reR

n—oo n—o0
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soteO.

Next we show that for any t € O,

Uy(x) = ¢p(z +t) — u(zr) >0 for all z € (—b,b).

In fact, if there exists xg € (—b,b) such that U, (zo) = ¢(zo+1t) —uc(xo) = 0, then

0> (—A)*Uy(xg) + V() > f(P(xg+ 1)) — fue(xg)) = 0.

This is a contradiction.
It follows that O is open. Together with the fact that O is closed, we get O =

[0,00). By the above sliding argument we know

Similarly, for a lower bound we define p1(z) = 1—p(—z). Thenife < —K, x > 1,

(=A)@1(x) + el (z) = —[(=A)"p(—z) — cg'(x)] <0 < fe1).

Moreover ¢q(z) = 0 for x < 1. Take M so that ¢;(—M) =1 —t, then py(z) > 6 for
x > M. Define ¢ p(x) = p1(z + M), then ¢; 5 is a sub-solution to 2.2.4. Therefore

by the same argument as above u.(0) > ¢ 3(0) > 6 for ¢ < —K. O

Theorem 2.2.13. Under the conditions of Proposition 2.2.10, there exists a subse-
quence b, — 0o such that w,, — ug and ¢, — c¢o. Furthermore, co € (0, K] and ug is

a monotone increasing solution of (1.4.2).
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Proof. By Lemma 2.2.12, ¢, € [— K, K] we have the elliptic estimate for uy:
[up||cze < C
for some a € (0,1). Thus there exists a subsequence b, — oo such that

Cn = G, = € [—K, K]

Up = Up, —> Uy, asS N — OQ.

Thus g satisfies (—A)*ug+couy = f(ug). Also we know ug is monotone increasing,
up(0) = 6 and ug is bounded. By a compactness argument, there exist v, 71 such

that lim wg(z) = and lim wg(x) = v, with
T——00 T—00

0<%<0<yn <1

We know both vy and v, satisfy f(70) = 0 and f(71) = 0 which implies vy =
0, 71 = 1. Moreover, by integrating (—A)*ug + couy = f(ug) over R, together with

Lemma 2.2.1, we know

co = /Rf(uo(x))dx > 0.



Chapter 3

Asymptotic Rates and Stability

3.1 Assymptotic rates at Infinity

In this chapter, we will study asymptotic behaviors of solutions to (1.4.2) when = —
+oo. Let f € CY(R) satisfy (2.2.1) and (c,u) be a solution to (1.4.2). First we
investigate the asymptotic behavior of u when  — oco. Let M = || f||c1(j0,17) > 0, by

(2.2.2), we know that

(

divly' *Vo(z,y)] =0, V(z,y) € RE,
li{r(l) —dsy' v, (2, y) + cvg(x,0) + Mo(x,0) = [M + f'(u(z))]u/(x) >0, Vze R3.1.1)
)

v(z,y) >0, Y(z,y) € R2, and lim  wv(z,y) =0.

\ |(z,y)[—o0

We consider the axillary function

i 25d, 1
[22 492 % T g = 7=

p(r,y) =




For all x > 1 and all y > 0, we can get the following estimates.

25d, 1 < wloy) < (1 N 23ds> 1
. rs > PWILY) S : )
M [22 442 M ) |(x,y)|

2sds  (4s)(1+2s)y' =2
M [CCQ + y2] 23;—3 - )

div [y Ve(z,y)] =

2 _2s1?  2sd, 2-2s
lim _dsyl_QSSOy(xa y) = dylim Y Sf > : Y ot2
v e R A
B 2sd,
- |x|1+23’
2sd, 25
Dyp(,0) = M P
Hence for all z > 1, we have
lim —dy"* ¢y (z,9) + cpa(z, 0) + Mep(z, 0)
y
B 2sd, 2csd, 2s n 2sd, 1
- |x|1+23 M |$|2+2s M |x|1+2s’
2csd 2s
— 2 <)
M|z —
For any 0 > 0, let
wg(l‘,y) Zv(x,y)—(SgO(x,y), VfﬂZ 17 yZO
Then ws satisfies
4
div[y' 2 Vws(x,y)] <0, Vo >1, y>0,
li{r(l) —dyy'** Dyws(z,y) + cDyws(x,0) + Mws(2,0) >0, Va > 1,
y

lim  ws(z,y) =0.

( (zy)|—o0

33

(3.1.2)
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We have the following

Proposition 3.1.1. There exists some constant C > 0 such that

u'(z) > ¢

= |afires Vo > 1.

Proof. By the same argument as in Lemma 2.1.2, we know that there is a positive

constant ¢y such that
v(z,y) = dop(z,y), Ve=1,y=0.

In particular, we know that

200sd
u'(z) = v(z,0) > dop(z,0) = 2005%s vz > 0.

o |x]1+25’

Lemma 3.1.2. Let > 0, we consider the function

1
2|7

0, Vx>-1.

Vo < —1,
Yp(x) =

Then

a. If 0 < B < 1, we have

(—A)wa’(ﬂﬂ):—CI’S.B(28+571_B>—|—0( ! ), as T — 00.

125+p r2s+8
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b. If B > 1, we have

. Cr. 1 1
(-8 ala) = 55 - s 4o (x> | ss5- 00

c. If B=1, we have

1 1
(—A)Swl(x):—wjto( nx)’ as v — 00.

r2s+1 xr2s+1

Proof. In fact, for all x > 2, by changing of variables, we know that

(_A)swﬁ(x) _ Cl,s |:/;x1 1/%(%) - 19,8(95 + y) dy + (PV) /_oo_l 1/1,(3(%) - 77D,3($ + y) dy

~ |y|1+2$ |y|1+25

—z—1 —1-1
—1 Cls x ]_
= C dy = ——=2_ - dz.
/oo PR EIET xzsw/m PESTEE

a. When 0 < 8 < 1, we have

-1 1
/ —— dz < 0.
-2 |Z+1|’B

By the dominated convergence theorem, we know that

_1-1 -1
Ly 1y
o AP T AP 0 T

[e.e]

On the other hand, we know that

—1 1 14+2s
1 y 1 1
———— dz = / —— - — dy by letting z = ——
== o a7 ( )

Y

1
B /92”5‘1(1—@‘5 dy = B(2s + 3,1 — ) > 0.
0
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So we know that

(~8yate) = - S EEERLZ0 o (2

x25+/3 3;25—""B>7 as r — OQ.

-1

b. When 8 > 1, we know that / ——— dz = oo, which implies that
o |z

_1-1
@ 1
/oo Wdz—)oo, as r — 0OQ.

By L’Hospital rule, we have

—1-1 1 —1-2s
z L 1 1
) f—oo EESTEESEE dz ol ‘1 + 5| "2z
lim 51 = lim
T—>00 xTr—

N

So we derive

(~8)0ala) = 5 o

6_1 l‘1+28+0 x1+25)’ as T — 0.

-1

c¢. When § =1, we know that / FEST dz = oo, which implies that
_2 |7

o0

_1_% 1
B W dz — o0, asr — OQ.

By L’Hospital rule, we know that

_1-1 1
xT
lim Joos ® e 42

= lim
T—00 hl X T—>00
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Therefore we have

_0175 Inz Inz

(=AY (z) = o) +o0 <x25+1) , as T — oo.

Lemma 3.1.3. Let 8 > 0, ¥g(x) be defined as in Lemma 3.1.2, then we have the

following estimates:

a. If 0 < B < 1, there holds that

(~ayate) =28 o (o) e o

|m|25+ﬁ |I|25+6

where

1 L, [Nt e 2
A = _— dz— -~ dz;
0= [ e et Foe
b. If B > 1, we have
s CLS 1 1
(—A) @ZJ@(Q?):—ﬁ'W—FO(W—SH) s as r — —0oQ;

c. If B=1, we have

1 1
(=AY (x) = _Cisnjal + o( njzl ) . as T — —oo.

’$‘25+1 ‘x’25+1



Proof. For all x < —2, we know that x +1 < —x — 1 and

_01,5/¢ﬁ($+y)+¢ﬁ(ﬂf—y)—2¢ﬁ($) J
2 Jr

(_A>sw5(x) = |y|1+28 Y
1 2 w1 1 1 2
_ G | [ P P " ol T P T RP
- 142 dy + 1+2
2 —00 |y’ s x+1 ’y‘ s
© 1 2
lz—yl® ||
+/x1 ly[1+2 !
i1 1 11 1
_ G o |G ’ dz + " p Ty 2
EELH PR L SR
l2+1]8 _
—l—/Hlez Let y = —x2
1 11 1
Cls * erE T 2 I |z—1|8 + [zF1]8 2
= — —— dz + dz
P s e T, B

For the first term inside the bracket, we know that

: [e+11P B 1 1
N T /1 P T
x

1
a. Since g € (0,1), we know that / dz < 0o, which implies that
0

|z =117

dz.

1, 1 11 4 1
. T z—1|8 + |2+1|P 2 |2—1|8 + |z+1|° 2
lim 5 dz = T
v=—oo J |2[1+2s 0 | 2|12

Let

1 L, [Nt e 2
A )= —— e - d
(,5) / e ip s+/o P

dy

dz

38



then we have

Ch.- As, |
(—A)Yg(x) = —%P—Siﬁ) +o <|x|2—8+5

>, as r — —o0.

1
1

b. Since § > 1, we know that / W dz = 0o, which implies that
0o 1#—

dz — 00, asx — —o0.

1+l 1 1 .
/ s 2P T AP 2
142
0 |Z| tas

By L’Hospital rule, we know that

f1+% PSRN dz gy 1 1
0 Bl P+ 5 -2 (-5 1

lim = lim —

e T ()] ST E - BT

Hence we have

s Cis 1 1
(—=A)*s(x) = Th—1 : 22t +o (|x|1+2s> , as T — —o00.

1
c. Since g = 1, we know that / dz = oo, which implies that
0

|z =1

1+1 1 1 .
F P e 2
dz — 00, asx — —o0.
0

|Z|1+25

By L’Hospital rule, we know that

11 4 1 9
N IR S R )

1
T—>—00 ln(—x) T——00 =

39



Hence we have

s Cisn|x
(—A)4h (x) = ‘TH+

Lemma 3.1.4. Consider the function

Then

O 1
25 |af?

(=A)*¢(x)

Proof. a. In fact, for all > 2, we have

In |x|
E;FE;T s as r — —OoQ.

1
0 (leS) , as T — —oQ.

et - o[ [ Aoty

0 [yl 2
—z—1
1
= ],
o 1
B 2s |z + 1%

Cro 1 1
— — . 0 [
2s |l‘|28 |I’|25 ?

* o(r) — ¢(x +y)

dy + (P.V.) /

—z—1

|y|L+2s

40

dy
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b. If z < —2, we have

(—A)sgb(I) _ Cl,s {(PV) /_z (b($) B gb(m + y) dy + /_OO gb(l‘) B Qb(x + y) dy

o) |y|1+28 z—1 |y|1+28
S
S [yt
O 1
T2 |41
01,5 1 1
= 9 . |:1:|25 + o0 (|$|23) , asxr — —0oQ.

Below we show a form of the maximal principle which is a slight variation of those

in [?] and [20].

Lemma 3.1.5 (The Maximum Principle). Let H be a nonempty open subset of R,

assume d(x) >0 for all v € H and w € C*(H) satisfies

(=A)*w(x) + cw'(z) + d(z)w(x) >0, Vze H,

lim w(z) =0,
|x|—o00

w(z) >0, V¢ H.

Then w(z) > 0 for all x in R.

Proof. Assume w(zy) < 0 for some 2 € R, since w(z) > 0forallz ¢ H, | l‘im w(x) =
T|—00

0, and w € C'(H), then there exists some x; € H such that

w(zy) = ;rel]ﬁ w(zx) < 0.
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Since 71 is a global minimum of w in R, z; € H and w € C*'(H), then
(—A)’w(z1) <0, and w'(z1)=0.
Since d(x) > 0 for all z € H, and z; € H, so we have
(—A) w(xr) + cw'(z1) + d(z1)w(z) <O,

which contradicts with the assumption.

The following two propositions give suitable lower and upper bounds of the asymp-
totic decay rates of v/ and 1 — u at oo, which are expected to be a power of 1 + 2s

and 2s, respectively.

1
Proposition 3.1.6. Let 5 <8< 1 and (c,u) be a solution to (1.4.2) with ¢ > 0.

Assume that f'(1) < 0, then there exists some constant C' > 0 such that

C C
1-— <
and u(z) < FES

u/((l’;) S |$|25’

x> 1.
Proof. Since f’(1) < 0, there exists some m > 0 and 6y € (0,1) such that f'(u) <

Cl,s
2s

—m for all u € [fp,1]. Let € > 0 be such that —

1

35
€= (éﬁ) . Consider

m
+me % = 56_28, that is,




we know that

By Lemma 3.1.4 and Lemma 3.1.3, we know that

(—A)S\I/(x):—cl’s - —|—0(

o .|m|25 ), as r — 00.

|ZL‘|25

Hence we have

s Cis o 1 1
(CAP¥Ga) o) +mbe) = |-Gt o ()
= me_% 1 +o0 ! as r — 00
9 ’x|23 |x|23 ’ :

So there exists some large R > 0 such that

(=A)°¥(z) 4+ V' () + m¥(x) >0, Vz>R.
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Up to a translation, without the loss of generality, we assume u(0) = 6. Notice

that v(z) = /() > 0 in R satisfies

(=AY v(x) + ' (x) + mo(z) = [m+ f(u(z))]v(z) <0, Vz>R.

Since ¥(z) > 0 for all z € R, there exists some C' > 0 such that

C > d C inf W > )
[vlow —an L (z) = |lv]lom)
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Since U(z) = ¢ (x —e P —1) =1forall z < e ', we get C¥(x) = C > ||v]lcm
R)

for all z < e !. In summary, we know that

Let w(z) = CVU(z) — v(z) for all x € R, we have

(=A)w(z) + cw'(z) + mw(z) >0, V>R,
2, v =0

w(z) >0, Va<R.
By Lemma 3.1.5, we have w(x) > 0 in R, which implies that

C

T >v(z) =u(x), Ve>1.

1
Proposition 3.1.7. Let 5 <s< 1, assume that f'(1) <0, let (¢,u) be a solution to

(1.4.2) with ¢ > 0. Then there ezists some constant C' > 0 such that

Proof. Since f'(1) < 0, there exists some m > 0 and 6y € (0, 1) such that f'(u) < —m

for all u € [y, 1]. Let € > 0 be such that

Cy . O i m
1 5 LYl et

. — € 71725.
2s — 1 2s 2
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That is, we have
628 N 628 B m
25 2s—1 20,

Look at the function W (z) = ¥os(ex — 2) + )142:(—€x) for all z € R, we know that

_1_9g 1 195 1+2s _
U(z) =7 || 1+2s” and U'(z) = —e 7 |z|2+2s Vo > et
By Lemma 3.1.2 and Lemma 3.1.3, we know that
Cl 1 Cl 1 1
s - — _1 . 75 . —_— _1 . 75 .
(=AW (x) = —¢ 251 = € 25 A (|x|1+25> , as T — 00.
So we get
Cy Ch 1 1
S / _ -1 ;S —1 S —1-2s
om 1 1
— 5-6 . |x|1+25+0 W s as r — OQ.

Hence there exists some large R > 0 such that

(=AU (z) + ¥ (z) + mU(x) >0, V>R

Without the loss of generality, we assume u (6_1) = 0y, we know that v = o’

satisfies

(—=A)v(x) + cv'(z) + mu(z) = [m + f/(u(z)v(z) <0, Vo>t
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For all x < €', we have ex — 2 < —1 and —ex > —1, which implies that

B 1
e — 22

U(z) = os(ex — 2)
By Proposition 3.1.6), we know that there exists some constant C; > 0 such that
u'(z) =v(r) < C1¥(x), Vo<el

Notice that for all x > ¢!, U(z) > 91,9,(—ex) > 0, which implies that there

exists some Cy > 0 such that

Cy inf W(z)> sup wv(x).
xE[%,R} z€le~1,R]

Let C = max{C,Cy} > 0 and w(x) = CV¥(x) — v(x) for all z € R, then

(—A)Yw(z) + cw'(xz) >0, Vo> R,

lim w(z) =0,
T—>00

w(x) >0, Vr<R.
By Lemma 3.1.5, we know that w(x) > 0 in R, which implies

C

e >v(z) =u'(z), Vo>1.

1
Proposition 3.1.8. Let 5 <8< 1,let (c,u) be a solution to (1.4.2) with ¢ > 0 in
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Theorem 2.2.13. Then there exists some constant C' > 0 such that

1 1 C

/
m <u (I), and W < U(LU) = |[L’|25—17

Proof. We have shown in the proof of Theorem 2.2.13 that there exists some constant

C > 0 such that

1 /
Ch.s Chs .
Let € > 0 be such that o 1_ 1 + 2scet 7% = _Q(TL—l)’ that is,
61_28 — Clys .
4sc(2s — 1)
Let ®(z) = 19s(€ex) in R, then
1 2s
_ _—2s / _ _—2s -1
(I)(.ﬁﬂ) =€ ‘W’ and @(33’) =€ .W’ VI’S —€

By Lemma 3.1.3, we have

-1
(—A)P(z) = — C1e ‘ +o0 ( ! ) ,  as T — —o0.

926 — 1 | |12 || 12
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So we get

-1
(=AY ®(z) + cP'(x) = Cro ‘ + e 25 +o0 (;>

T 95— 1 |12 ' |z|1+2s |12

4 e ! 1
— . ,S 2 1-2s
251 } 2 (||)

. 0175 6_1 1
= —2(28 - 1) . |x|1+2s +o0 —|x|1+25 , as T — —0

So there exists some large R > 0 such that

(=AY’ P(x) + @' () <0, Vo< —R.

Since f’(t) > 0 for all t € |0,6y], without the loss of generality, we assume

u(—e') = 6y. Notice that v(z) = «/(z) > 0 in R satisfies

(=A)v(z) + ' () = f(u(x))(x) >0, Vo< —el

Since ®(z) = 0 for all z > —e !, so we get ®(z) < v(zx) for all z > —e!. Since

v(z) > 0 in R, there exists some C' > 1 such that

C  inf v(x) >  sup  D(x).

z€[-R,—e71] z€[-R,—e™1]

Let w(z) = Cv(z) — ®(z) for all x € R, we have

(—A)*w(x) + cw'(z) >0, Vr<—R,
lim w(z) =0,
T——00

w(z) >0, V> -—R.
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By Lemma 3.1.5, we have w(xz) > 0 in R, which implies that

< = < -1
|x|25_v(az) u'(z), Vo< -1

3.2 Stability results

Another question of interests is the the approach of solution to a traveling wave so-
lution for the initial value problem corresponding to (1.1.2) with fractional laplacian.
That is, we would like to focus on the fate of solutions whose initial conditions are
small perturbations of the traveling wave under consideration. If any such solution
stays close to the set of all translates of the traveling wave u(-) for all positive times,
then we say that the traveling wave u(-) is stable. If there are initial conditions arbi-
trarily close to the wave such that the associated solutions leave a small neighborhood
of the wave and its translates, then the wave is said to be unstable.

Fife and McLeod [17] considered the pure initial value problem for the nonlinear

equation
Ut — Uze — f(u) =0, z € (—00,00), t >0, (3.2.1)

in the case
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The initial value being, say

u(z,0) = ¢o(r), —00 <z < o0. (3.2.2)

One of the central questions for this problem is the behavior as ¢t — oo of the
solution u(z,t); in particular one would like to determine under what circumstances
it does (or does not) tend to a traveling front solution.

If we assume f € C!' with f(0) = f(1) = 0, so that u = 0 and u = 1 are particular
solutions of (3.2.1), it is a standard result that if ug is piecewise continuous and
0 < up < 1, then there exists one and only one bounded classical solution u(z,t) of
(3.2.1)-(3.2.2), and 0 < u(z,t) < 1 for all z, t. Indeed, they have shown the following

theorem:

Theorem 3.2.1. Consider

Up — Upe — f(u) =0, z € (—00,00),

in the case

Let u(x,0) = ug(z) satisfy 0 < wug < 1. Let

a_ = limsup ug(x), a; = liminf ug(z).
T—>—00 T—00

Then u approaches a translate of U uniformly in x and exponentially in time, if a_
is not too far from 0, and ay not too far from 1. Here u = U(x — ct), U(—o0) =

0, U(co) = 1 is the traveling front solution. More precisely, there are constants zy,



o1

K >0 andw >0, and

lu(z,t) — Uz — ct — 20)] < Ke ™",

Their approach relies on a priori estimates and the standard comparison theorems
for parabolic equations, i.e., let N be the nonlinear differential operator, acting on

functions of x and t, defined by,

Nu = up — Uygy — cuy — fu).

Consider the initial value problem

Nu = 0 for (z,t) € (—o0,00) x (0, 00), (3.2.3)

u(z,0) = up(x). (3.2.4)

Comparison Theorem. Let u be a sub solution, and @ a super solution, of
(3.2.3). Then u(x,t) < u(x,t) in (—o0,00) x [0,T).

It turns out that when we consider the same problem in the fractional Laplacian
setting, we could obtain a similar stability result by establishing the corresponding
comparison principle.

In what follows, we establish the preliminary results related to the stability of
traveling fronts of the reaction diffusion equations involving the fractional Laplacian

in the bistable case. We will consider the following initial value problem:

w4+ (—A)*u = f(u) in (0,00) x R (3.2.5)
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with the following initial value,

u(z,0) = ug(x), —oo <z < 00. (3.2.6)

We will also assume the nonlinearity f € C1[0,1] satisfy

f(0) = f(1)=0, f(0)<o0,[f(1) <0, (3.2.7)
flu) < 0 for0<u<a, (3.2.8)
flu) > 0 fora<u<l, (3.2.9)

where 0 < a < 1.

The existence of traveling fronts has been shown by X. Cabre and Y. Sire in [?]
when the bistable nonlinearity is balanced and by C. Gui and M. Zhao in [20] when
the bistable nonlinearity is unbalanced. Assume the existence and uniqueness of the
solution to the initial value problem (3.2.5)-(3.2.7), and we are expecting a similar
stability result of the traveling fronts.

The main tool needed here is the comparison principle for (1.1.2) where L is the
generator of of a strong continuous semigroup in a Banach space X. It is applicable
to This comparison principle can be found in [12]. For completion, we will state the
comparison principle here.

We first consider the non homogeneous linear problem

uy + Lu = f(u) in (0,00) x R", (3.2.10)

u(0,-) = up in R™,

for ug in any of both Banach spaces.
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Assume that f;, fo € CY(R) is globally Lipschitz and f’ is uniformly continuous
in R, and f; < fy in R. We then have

if uy(0,-) < ug(0,-) belong to Cy, ,(R™), then uy(t,-) < us(t,-)

for all t € [0,00), where u; and uy are the respective solutions of the nonlinear
problem (3.2.10) with f and wug replaced by f; and ;(0,-). Cyp(R") = {u: R" - R :
u is bounded and uniformly continuous in R"}.

We set z = & — ct, and write the solution of (3.2.5)-(3.2.6) as

v(z,t) = u(z,t) = u(z + ct, t)

Followed by a comparison argument, we get the stability result when the traveling
wave solution exists. More precisely, we have obtained the following theorem:
Theorem 3.2.2. Let 0 < s < 1, consider equations (3.2.5)-(3.2.7). Assume the

traveling front solution is U with speed c, let ug satisfies 0 < ug < 1, and suppose

limsup up(z) < o, liminfug(x) > a,
T——00 T—>00

then there exists constants z1, z2, qo, and p (the last two positive), such that

Uz —21) — qoe " < w(z,t) U(z — z) + qoe ™. (3.2.11)

The proof of the theorem relies on the comparison principle for fractional Lapla-

cian. The comparison principle can be found in [12], in which the authors consider
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the Cauchy problem

u+ Au= f(u) in (0,400) x R™,

u(0,-) =up inR" 0<wuy<1

where A is the infinitesimal generator of a Feller semigroup. Examples includes A
(the classical Laplacian) and (—A)® with s € (0,1) (the fractional Laplacian). By
adding a drift term to the classical Laplacian or the fractional Laplacian, the resulting
operator will still be an infinitesimal generator of a Feller semigroup. According to

[12], we have the following comparison principle.
Lemma 3.2.3. Assume that fi, fo» € CY(R) are globally Lipschitz and f!,i =1, 2 is
uniformly continuous in R. If fi < fy in R, we then have:

if u1(0,-) < wusg(0,-) are both bounded and uniformly continuous inR", then (¢, ) < us(t,-).

The proof of the theorem then follows directly from [17]. It then establishes the
stability of traveling fronts in the C° norm. The C' norm stability for the traveling

fronts still remains as an open question.
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